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1. It is requested that pages 15, 29, and 47 of the subject report be
replaced with the attached new pages 15, 29, and 47, which have been
printed on gummed paper for your convenience.

2. On page 25 of the subject report, change Eq. 53 to read as follows:
~téw,
¢ =1-¢

and change the line of text that follows Eg. 53 to read, ‘‘ where ¢ is
the phase shift and E&r i¢ the time constant.’’

2
3. On page 30, change paragraph 4 to read, ‘‘To keep the period accuracy
to within 190 psec, the zero crossover points of the 16-cps signal must
be held to half the 190 usec.’’ Change Eq., 68 to read as follows:
—b

AE = 10%422 volts = (102)(120)10 volts = .0096 volts

And change the first sentence of the last paragraph on page 30 to read,
‘¢ Therefore, the 1-cps signal must be reduced by the ratio_..'_I._._r5 = ,0084
or by -41.5 db,’’?

4, On page 53, paragraph 4, line 3, delete ‘‘more than’’; on line 4, delete
£¢31 db’’ and substitute ‘¢41.5 db.’’

5. On page 59, paragraph 1, sentence 2, delete ‘‘1,5°’' and substitute

€€1,7°?7; delete the words ‘‘if the damping of the system were twice
that which was estimated’’; and change ‘‘.5 percent’’ to ‘‘.6 percent.,’’
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where ¢ is the driving frequency,
w 1s the natural frequency of the system,

¢ 1is the damping ratio,

¥ 1is the phase lag between the driving function and the

spring-mass system.

To maintain the overall accuracy of the mass-measuring system to 1

percent, we will attempt to keep the phase lag ¥ to a value less than

that which would produce an error somewhat less than 1 percent, As will

be shown léter, a value of bhase lag corresponding to a .6 percent mass

error can be achieved,

Now consider an w,
{K
(32) w =\N

and an @

“ =\1.006M ~ T1.003

(33) _[X '1\/_@
M

and therefore
(34) . w) = 1.003w,
Then, substituting in Equation (6),

2¢(1.003)w2
w?2 - (1.006)u2

(35) ¥ = tan”!

= tan

-1 2{£(1.003)
-(.006)

For a damping ratio of .15, in the spring-mass system, ¥ = 91.5°

and therefore the servo system must follow to within 1.5°,

For a damping ratio of .1°, ¥ = 91.75° and therefore the servo

system must follow to within 1,75°,

15
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e%actly perpendicular to the vertical, and that in fact the thrgst
axis is likely to wander in small angles about the assumed axis.
Also, the mofor with which we are concerned in this paper haé thrust
deflectors (jetavators) that produceé a 10,000-1b side thrust, Thq
cycling rate of the deflector can be as high as 1 cps.

From the equation w, = 1.003 w, for a mass measurement of 0.6
percent acéuracy, the f;equency must be determined to within .3 percent.

The period, T, of a sine wave is .

(61) T =21
w

anq

(62) ar = 2.7 4¢ ,
(JJZ

s

For small differences the equation becomes

(63) AT = =2 Tay
wZ

For Aw = .003 w, and w = 102 rad/sec, AT becomes

- 2 7 (.003)

102 = 190 pusec .,

(64) AT =

Consider the system when the resonant frequency is 102 rad/sec.
The force supplied by the eccentric mass is then
(65) f(t) = mrw? sin wt = (.187)(102)% sin 102t = 1950 sin 102t .
~ Let the voltage amplitude, E, derived from the transducer detecting

the amplitude of the motor’s vertical motion, be one volt.

29
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1im 221

1o z 1

(.35)% (02 221 1)

(89) @.,(nT) G-

1
(20.2)z (4.75)(z - .956)
121 (z - 1)%(z - .58

=

+

J= .01 radian

"

.37 degrees.
The steady-state error for the end-of-burning case (system oscillat-

ing at 16 c¢cps) is then

z(z + 1)
(z - 1)3

, z-11
{9 = S = (,031)2
{90) QSS(nT)16 lim > 5 (.031)

z—1

[ 1
1+ 12,6 (3.13)z (z - .,974)
121 (z - 1)z2(z - .72) |

= .03 radian

= 1,7 degrees.
It is seen that these steady—state errors, when compared to those
given on the bottom of page 15, are adequate for the required system

accuracy.

RESPONSE TO A SUDDEN MASS CHANGE -
Given the open-loop z-transfer function of the control system

. for the before-burning case

_20(4.75 z)(z — .956)
T 121 (z - 1)¢(z - .58)

(91) . 6(2)

the error function is given by
R(z) R(z)
1 4 G(z) ~ 14 20(4.75 z)(z — .956)
T 121 (2 - 1)%(z - .58)

(92) E(z) =

NOTS CL 474 (10/63) 165 a7
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DETERMINATION OF ROCKET-MCTOR MASS BY
MEASUREMENT OF THE NATURAL FREQUENCY
OF A MASS-SPRING SYSTEM
By
Benjamin Glatt o
Test Department T <

ABSTRACT. A system is described wheveby the mass of a
rocket motor being tested in a stati: test stand can
be determined continuously while bur:siing. The motor is

nounted on springs
ing eccentric mass
quency of the mass
constant, the mass
from the frequency

and driven by the for-e of a rotat-

so as to oscillate at the natural fre-
and spring systemn. Given tue spring
of the system can then be calculated
of oscillation. Given a required

accuracy of 1 percent for the measurement of the mass
of the motor, the specifications for the control svsten

are determined.

A control system is designed, rnalyzed, and shown
to meet the reguirements of the system with the expected
input signals and external disturbances.
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1. It is requested that pages 15, 29, and 47 of the subject report be
replaced with the attached new pages 15, 29, and 47, which have been
printed on gummed paper for your convenience.

2. On page 25 of the subject report, change Fq. 53 to read as follows:
~téw,
¢ =1-¢

and change the line of text that follows Eq. 53 to read, ‘‘ where ¢ is
the phase shift and Eif i¢ the time constant.’’
2
3. On page 30, change paragraph 4 to read, ‘‘To keep the period accuracy
to within 190 psec, the zero crossover points of the 16-cps signal must
be held to half the 190 psec.’’ Change Eq. 68 to read as follows:
At _(102) (190)107°

AE = 102—5— volts = : 5 volts = ,0096 volts

And change the first sentence of the last paragraph on page 30 to read,
“‘Therefore, the l-cps signal must be reduced by the ratio_;%g%g = .0084
or by -41,5 db.?’ )

4, On page 53, paragraph 4, line 3, delete ‘‘more than’’; on line 4, delete
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where w, is the driving frequency,

w 1is the natural frequency of the system,

¢ 1is the damping ratio,

¥ is the phase lag between the driving function and the

spring-mass system,

To maintain the overall accuracy of the mass-measuring system to 1
percent, we will attempt to keep the phase lag ¥ to a value less than
that which would produce an error somewhat less than 1 percent. As will
be shown 1éter, a value of bhase lag corresponding to a .6 percent mass
error can be achieved.

Now consider an w,

K
(32) a =J’Mj

and an

(33) [X 1 \/E
M

“ =y1.006M - 1.003
and therefore

(34) . w, = 1.003w.

Then, substituting in Equation (6),

: -1 __25(1.003)w2 . =1 2£(1.003)
(35) ¥ o= tan o 006 © P T2(.006)

For a damping ratio of .15, in the spring-mass system, ¥ = 91.,5°
and therefore the servo system must follow to within 1.5°.
For a damping ratio of .1°, ¥ = 91.,75° and therefore the servo

system must follow to within 1.75°.

15
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exactly perpendicular to the vertical, and that in fact the thrust
axis is likely to wander in small angles about the assumed axis.
Also, the motor with which we are concerned in this paper has thrust
deflectors (jetavators) that produce a 10,000-1b side thrust. The
cycling rate of the deflector can be as high as 1 cps.

From the equation w, = 1.003 w, for a mass measurement of 0.6
percent acéuracy, the frequency must be determined to within .3 percent.

The period, T, of a sine wave is

(61) T 2T
w

anq

(62) ar = 2.7 4y .
wZ

For small differences the equation becomes

(63) AT = 22 TAy
Q)Z

For Aw = .003 w, and w = 102 rad/sec, AT becomes

- 2 7 (.003)

(64) AT = 5

= 190 psec .

Consider the system when the resonant frequency is 102 rad/sec,
The force supplied by the eccentric mass is then
(65) f£(t) = mrw? sin wt = (.187)(102)% sin 102t = 1950 sin 102t .
Let the voltage amplitude, E, derived from the transducer detecting

the amplitude of the motor’s vertical motion, be one volt,

29
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..oz =1 1 z(z + 1)
(89) QSS(HT)10 -Zlil.ll - (.35)5 (.05)2 - 1)?
1

= .01 radian

(20.2)z (4.75)(z - .956)
121 (z - 1)2(z - .58)

=

+

= ,57 degrees.
The steady-state error for the end-of-burning case (system oscillat-

ing at 16 cps) is then

.oz =11
(90) QSS(nT)16 = lim ” 5 (.031)

z—1

2 z(z + 1)
(z - 1)3

( 1
L 4 126 (8.13)z (2 - .974)
121 (z - 1)2(z - .72) |

= ,03 radian

= 1,7 degrees.
It is seen that these steady-state errors, when compared to those
given on the bottom of page 15, are adequate for the required system

accuracy.

RESPONSE TO A SUDDEN MASS CHANGE
Given the open-loop z-transfer function of the control system
for the before-burning case

_20(4.75 z)(z - .956)

(91) G(z) =157 (z — 1)2(z - .58)

the error function is given by
R(z) R(z)
1 + G(z) ~ 1'+ 204,75 z)(z — .956)
121 (z - 1)%(z - ,58)

(92) E(Z) =

NOTS CL 474 (10/63) 165 .
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]

INTRODUCTICN
BACKGROUND
The eveluation of large @6lid«=propellant rocket motors requires
B knowledge of the thrust of She moter throughout its burning period.

A model of a thrust stand 4s shown dn Fig. 1.

Sryn'nﬁr+xyuw=o

K where T = Thrust
_i_¢_ " . K = Spring constant
' M(t) = Mass as a function
of time
¥ = Acceleration
TV e 4y
0 '

Fig. 1. Scheratie DPlagram of Conventional
Rocket Test Stund. :

Conventionally, static test .stands are equipped with load cells
that measure the displacqment, y, and only the sgtatic i.formation is
* obtained; i.e., the equation Fy = Ky - T = 0 1s the equation used to
determine the thrust. However, to obtain instantaneous specific im-~
puisé and high-frequency thrust measurements, the acceleration term
must be consildered.

The acceleration can be obtained by plécing an aécelerometer on
the rocket motor to measure the acceleration along the axis of
thrust. It then remains to determine the mass of the motor at any
time during the period of burning. A method to measure continuously

the masg of s rogket motor while burning in a test stand is the

subject of this paper.
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STATEMENT OF PROBLEM
Consider a system whereby a mass (say, of & rocket motor) is
mounted on linear springs, end mounted on this mass is & rotating

o

eccentric mass (7ig. 2).

m
- ROTATING
ECCENTRIC rsin wf
MASS !

M
ROCKET
— T
SPRING . 4(? ! B % (1)
. |
AT TTITTTI7T777 777
Flg. 2a. Vibrating System. Fig. 2b. Schematic Diagram of
' . Vibrating System,
r = Distance from center of rotation to center of gravity
of the eccentric mass
x = Bisplacement from rest position
@ = Frequency of rotatibn of eccentxric mass
K = 8Bpring constant
= B = Damping factor {inherent in a practical system) .

M = Mags of rocket motor and rotating motor
m = Mass of eccentric ‘
The. system 1s constrained to motion In the vertical direction.

* The equation of motion of the system 1s

2
(1) ME(t) + m[ﬁ(t) + ~9§-r sin o) t + Bk(t) + Xx(t) =0
dt
(2} (M 4+ m)¥% - or wie sin o t +BX + kx = 0 .
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The Laplace transform of (2) is

2
nr ml
(3) (M + m) X(s) o2 + BK(s) & + KK(s) = —bs
1+ s
@)
and
mr U.)l ]-:'
() X(s) = 5 £
G.+ §—§> (M ; 2 82 + % B + 1
wl .

K : 2 B
Let o= \Jyys > = Fe=g oo

-then for the steady state condition, that is, as t 00

mr m12 w?
X ‘
(5) x(t) = [(me - mle)e Y “’12 mé]l/z sin (ot - ¥)
where
2§ )
(6) ¥ = tan’l Tﬁ—-—é »
@ -

When o o= the system is being driven at the undamped resonant or
natural frequency.

Let oy = o and t=2o .

Then

2
(7) x(t) = 5 sin (at - 5) .
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Equation {7) demonstrates that if the frequency of rotation of
the eccentric mass is the natural frequency of the mass-spring
system, the phase of the sinusoidal motion of the rocket lags that
of the eccentriec by 9@03 and 1g independent of the damping factor.

Therefore, 1f this 900 phase shift 1e medintained throughout the
test period, the system i1s oscillating at its natural frequency and

the maes of the rocket motor can be determined by the equation

(8) o ow=5 .0
W

The problem to be solved is the deaign of a control system to
drive the eccentric mass at an angular rate which corresponds to the

resonant frequency of the spring-mass system,
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SBAKER SYSTEM
ROCKET MOTOR CHARACTERISTICS

The method deserided in this paper for measuring the mass of a
rocket motor is applicable %o rocket motors in general; however, .
each system must be designed to fit the characteristice of the par-
ticulax rocket motor.

The characteristics of the rocket motor considered in this
aystem ares

1. Weight of motor ?efore ignition is 25,500 lb.

2, Weight of motor completely burnt is 9,650 1lb.

3. Time required to completely expend the propellant is ap-
proximately 60 seconds.

4. Motor is equipped with jetavators that deflect the thrust,
tgereby producing thrust components normael to the main thrust vector
of approximstely 10,000 b, The jetavators are capable of one-cps
operation.

DETERMINATION OF SUBPENSION-SYSTEM CONSTANTS

r The fastening of the front of a rocket motor to & push rod in s
static firing test stand essentially defines a mass-spring system,.
The designers of such stands try to make the natural frequency as
high as possible. Because of flexure in the motor cases and in the
push rods in such test stands, thére exists a limit in the waximun
naturai frequency that can be obtained. It has been determined

empirically thet for a 25,000-1b motor the natural frequency is

between 20 and 25 cps.
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Therefore the natural frequency of the system in the vertical
direction should be sufficiently below 20 cps so that the motion
caused by forces which can couple into the system at those fre-
quencieg will be attenuasted and have negligible effect. Jt is also

*  gdesirable to have a high natural frequency in the vertical system,
in order that as much frequency informatlon as poasiﬁle can be ex-
tracted from the system. A natural frequency for the unburnt motor
of 10 cps was chosen as a compromise between these two considera-
tions.

SPRING CONSTANT

From the equation @ = .j%rwe get

2
w W
k-2 ¥
(9) Z
where
@ = Frequency in rad/eec
K = Spring constant in 1b/f%
M= g-a Muss of the system in slugs.
Then
(2 12(10) (25,500) 6
{10) K= L = 3.125 x 10" 1b/ft .

32.2

NATURAL FREQUENCY RANGE

The natural frequency of the system when the rocket motor is

unburnt is .

(11) o = 2z {10) = 62.8 rad/sec ,
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and for the burnt condition

6
[Kg [3.125 x 10" {(
(12) W a\j-ﬁ-—- =

9650 32:2) 102.0 rad/sec .

The frequencies in cps are then 10.0 and 16.25, respectively.
SYSTEM DAMPING RATIO

To start the design of the system, the damping was estimated to
be 15 percent of critical when the rocket motor wasg unburnt, and 10
percent when the motor was burnt; the difference in damping is at-
tributed to the energy sbsorbed by the propellant grain. A very low
dam@ing raﬁio is desirable in order that reasonable vertical dis-
placement can be schieved with 1little expended energy. If these es-
timates prove excessive in error, major redesign is required.
" REQUIRED MASS UNBALANCE

A 1imit of l-g peak acceleration was set for the system. Tests
on SNORT (Supersonic Naval Ordnance Research Track). had produced ac-
celerstiong of this magnitude in a series of sled tests involving
t£e rocket motor being considered in this paper; there appgared to
be no untoward acceleration effects on the performance of these
motors during these tests.

Referring to Equation (7), and differentiating twice, we get
the verticel acceleration of the rocket motor when excited at the

natural frequency w,
- W x
(15) a(t) = m sin (d)t - -2-)

" ) ‘ mr
hence the peak vertical acceleration isg 5K
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The maximum value of (mr) in order that the system not exceed a peak

acceleration of 1 g at @ = 62.8 rad/sec 1is

G4 fmdyg o, - B L 230)62) 00 (22.2)
& (02.8)
= 1.87 slug-ft.
However, an existigg design for an accentric mass produced &
maximim mr = .877 slug-ft, and was adopted for use in the mwass meas-
uring system.

The maximum value of {mr) in order that the system not exceed a

peak acceleration of 1 g at w = 102,0 rad/sec is

L 2(.20)(5.125 x 106)(52.21
(102)h

.(15) (m}16.25 cps

= ,186 slug-ft.

A device 1o reduce the value of mr in order to keep the maximum ac-
celeration loading to below 1 g has been designed for incorporation
in the system.
DETERMINATION OF DAMPING CONSTANT B

The larger damping factor existing in the gystem before the
motor propellent is spent 1s attributed to deformation of the plastic
propellent under vibration, which thus absorbs energy. We therefore
assume tpat the demping changes directly with the mass of the motor.
Frequency being lnversely proportional to the square root of the

mugs, we can write

(16)  Bak +—2
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where Ki and. Ké are to be determined. We have the damping st the

beginning of burning and at the end of burning. Therefore

®

{17) 14920 = K, + (.01)1% s
{18} 6120 = K, + (.0037TIK,
and

(19) Ky = Lo41 10° ?E%Ea‘

and

{20) X, =°820 &;‘j_ﬁfﬁ .

The demping consiant st 12 end 14 cps is then

&
. \ 1.41 x 10 lb-gec
(21} Be . 12 eps © 820 + N 10620 T .
i 6
1.41 x 10 1lb-sec
(22) B o 1k cps = 820 + Zygp—— = 8020 =2 .

DETERMINATION OF MASE UNBALANCE FOR VARIOUS VALUES
OF NATURAL FREQUENCY

The meximum value of mr when m = 14 cps is

32,2 B _ 32.2(8020) _ 258,300
o  (akx6.28)° (87.8)°

{23} fmr) = = 382 slug-ft.

The maximum valuz.of mr vhen @ = 12 cps is

(24) {mr) . 32.2(10629) - 314-2,002 - 9797 alug-£t.
(12x6.28)7  (75.4)

A plot of the mr required to keep the accelersiilon below 1 g, and

the dermping constant B versus the frequency of oscillation, is shown

in Fig. 3,

0
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Fig. 3. Demping Factor, B, and Product of Mass and Center of
Gravity, as Functions of Natural Frequeacy, w.
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POWER REQUIRED TO DRIVE SHAKER SYSTEM
The energy required to keep s spring-mass system oscillating is
the same a8 the energy consumed by the damping in the system.

The equation for power is

(25) ple) = £{t) v(t) ,
but:
{26) £lt) = BR(t) = Bv{t) B = demping constant.

Substituting, we get

(27) p(t) = Bv(t)® .
The velocliy is & sine funciion, and we may therefore substitute the
RMS wslue of v{t)} to obbtain the average power

(28) . P = By? V is the RMS value of v{t)

P is the average power
The pesk value of velocity is obtained by differentiating the

position given in Equation {7) with respect to time. Therefore

mx a? mr m2 .
(29} : bezEx-"3
The RMS velcocity is then, o @ ; and. the sverage power is
2B
) |2\ 2 3
(50) P = me W = gmrz (0]

VE B 2B ’

The power required by the shaker system, plotted against the
resonant frequencies of the system, is shown in Fig. 4. The values

of mr and B corresponding to the resonant frequencies are taken from

the curves of Fig. 3.

1l
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Figure 4 shows that the maximum power required by the system
oceurs when mr = .277 slug-ft and the peak accelexration is 1 g The
resonant frequency at maximum power is 11.8 cps. The power is 1050

ft~1b/sec. 'The horsepower is given by:

. 1050
{31} horgepover = =55 = 1.92 .

A 5 bp motor was chosen to drive the system. The extrs (more
than double) power 1s necessary to take care of losses in the drive

sygter and %o bring the system up to speed in & short period of time.

12
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CONTROL SYSTEM REQUIREMENTS

®

STEADY STATE ACCURACY R

A question that mey be asked is, Why not measure the phase be-
tween the driving function and the oscillation of the mass-spring
system to determine the naturel frequency of the system, and not
bother driving éhe system at its natursl frequency? The answer to
this is that in order to determline the natural frequency from phasge
information, the spring constant and demping factor must be known.
The spring constant can be accurately determined and is constant
throughout the burning éf the motor. However, the damping of the
system ig not precisely known during the burning period, and it is
only at the natural frequency that this value 1s not important.
Also, it requires a grea£ deal more power Lo drive a system at &
sufficient amplitude when the driving frequenéy is not near reso-
nance. Therefore, i1t ias necessary that the phase difference be kept
Bs close 1o 90° as the specified accuracy of the system requires.

The horizontal accelerometer and its associated recording equip-
ment will be no more accurste than 1.5 percent. In considering the
evaluatinn of the equation, T = Ky + M(t)¥, the value of M(t)
should be consistent with this accuracy, and therefore M(t) is to be
determined to an accuracy of aﬁproximately 1 percent. Referring to

Equation {6}

1280 o
55
© -y

¥ = tan~

1k
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where @, ig the driving frequency,

@ 1is the natursl frequency of the systen,
& 18 the damping ratio,
¥ 18 the phase lag between the driving function and the

gpring ~-mass system.
To maintain the overalilaccuracy of the masg-measuring system %o 1
percent, we will attempt to keep the pbese lag ¥ to a value less than
that which would produce sn error of 0.5 percent,

How consider an wy

(32) a =/§
X 1 K
{33) m“J;;;;’lon M

and. therefore

{34) w = 1.0l ® .

Then, substitubing in Equation (6),

-1 26 (1.011)0 -1 28 (1.001)
(35) ¥omten T rEiYe - AR G5}

For a demping ratic of .15, in the spring-mass system, ¥ =
87055' and therefore the servo system must follow to within 29,
If -the estimation of damping is in error by a factor of 2, and

£ .3, then ¥ = 88%57¢ and the servo system must follow to within 1°,

15
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CHARACTERISTICS OF INPUT SIGNAL RESULTING FROM A
SUDDEN CHANGE IN MASS, AND REQUIRED SYSTEM RESPONSE

It 1s anticilpated that certain failures in the solid propellant
gystem, such a; large fragments of unburnt propellent being blown
through the nozzles, would cause gudden changes in the mass of the
syatem. We then have a condition of a step mase change.

Under normal burning conditions, it is assumed that the changes
in frequency of the wibrating system are slow, and that transient
effects can be neglected. However, this is not necessarily true in
the case of the step change. It is necessary to detect these mal-
functlons when they occur, and to know what effects such changes
have on the mess-measuring system as a whole.

An expression for the motlon of the vibrating system when mass
is suddenly removed can be found Iin the followilng way?

First, assume the system is being driven at resonance, and that
all transients have decayed to a negligible value. At any time,

t = a, evaluate the syétem and determine the position and veloclty
of -the mass.

?hen consider a system that has a different value for the mass,
and 1s driven by the same force function but starting at + = 0, and
whose initisl conditions are the pos}tion and velocity of the mass
that was found for % = a.in the first case.

From Eqpation (7), the position of a system being driven at

resonance by a force, f{t) = mr o 8in wt, is

2

x{t) = g£é£§ gin {(wt - g& = Ezﬁﬁ sin (wt - %) .

16
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»

The velocity is found by differentiating the above to give

2

(36) %(t) = =g~ cos {ut - 5

Now if the function is evaluated a2t t = a,

(37 x{a) = mrgm sin {wa - %) = - mrﬁm cos ag
and

2
{38) x{a) = mrBw cos {we - gﬂ = mg L sinwe .
Consider now 2 sine wave advanced in time by "a" second, and

gtarting at zero, as indlcated below:

£{t) = mr o> sin fo(t + a)ju(t)

Fig. 5. Sine Wave Advanced in Time by "a" Second
and Starting at Zero Tine.

The Laplace transform of £(t) = mr W fw(t + a)lu(t), as indi-

cated by Aaeltinel is

17
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(39) 7(s) = mr o %% ein wt{t ~ &) .

This transform, evaluated in Appendix A, is

mr a? cos aﬂ[(w 8 ¢ l]
m ]

{40) Fls) = 5 %

We can now consider the problem of ‘the force £{t) applied to

the system with & new mass, M, and having the initial conditions

(42) x(0) = -mg L cos aa
2
(ko) % (0) = + mer sin wa .
fI‘hen
(43) F(s) = M X(s)s* ~ M X(0)s - M X(0) + B X(s)s

- B X(0) + K X(s)

Substituting for F(s),

mr @ cos mﬁtanmm)s + l]'

{ k) 5 =M X(B)s2 + E—%-r——-“g cos (wa)s
8
l+—'-2~
w
Mmrm2
" — sin we + B X{8)s + mr w cos wa + K X(s)
and
tan
mrwc:oswal( — S*J_‘Mmrmcs( )
7 2 % os {wa)s
\l+—§}
(45) x(s) = @
Ms +Bs8 +K
2
}\imr;g.gb,__ sin wa - mrw cos g
+

M82+BB+K

18
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tan we l) M Mo
_mrmcosaﬂgr w * "3 ten a8 4+ 1
- K 2 M 2 B ’
l+a)§82¢§s*l %P «&Ks-t-l)
2 K K
m /
If 8 = 8, then
M
=8 + 1
(ué} X(S} = m:;;m L 2\\" {M z o
2 B ‘ 8 B
Ems +g$+l)€l.+'§} KKB +R~B+l)
W
A
The time funciion as given by N:!.xon2 is
wEmE
7y {g) = O 2 L sin (ot - )

1

4 —eee @ "Q“’et sin (meVl Y ¥,)

wng -Qe

—

M N ek \
| Pl_eggiﬁg.*‘"‘é'mg}. Ctat N g
- o, T J e” >%® gin (V1 - €% ¢ +\V5)

o

where
. 2 2
m12€mu2 _l-2€o.\2 1-8
V) =ten T —gy——s , ¥p = ten = 5 5,
w,” - @ - @, (1L -2 &9
i W, vl - 52
-3 B X
V. = tan and, Wy =\/ 33
-85 "%
If w, is set 10 percent higher than m (that is, 1.lw = @) andf1e

set at .1, then
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£ wt
(48) x(t) ?:/[% 4.0m sin (wt - 49°) + 3.64n € ‘e sin (met - 232%)

- ot
- 5.0m € K sin (wgt + 84,3 .,
L] N
The exponential terms, when edded vectorially es indicsated in Fig.
6, give a single exponential term; the expression for x(t) is then
— 0 -§ w,t )
(ho) x{t) = TH.O sin {wt - 49°) + 3.5 € sin (m2t + 2187)] .
A plot of the two terms is shown in Fig. 7.
R
IT 8 = B ! then
2 2
(50) x(t) = B2 il L cos {at - W)
K N 53 2j1/2 | o °°F !
(0" - @)% + 1 E% o
1 -€ ,t ~\/ 2
4 e € sin(% l-—ﬁt-vz)
oVl - 52
oy Mo B at — )
+ 2 8in a,¥ 1 - get
L-¢
_where ’ TN
\y = Lan 1 i%i)—!f_)z—-
17" 2 2
Wy - @
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OO

Fig. 6. Vector Addition of Transient Terms When the Mass Change
Occurs at the Poslitive Going Zero Velue of the Force Function,

2l
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The time function, glven the same assumption as in the a = 0 case,

is
2 -£ ot
(51) x(t) = m;'(“’ {u cos (wt - 49°) + b € " sin (wyt + 221,°)

- w.t
+5¢€ ‘e sin (abt)] .

Adding the exponental term vectorially in Fig. 8, the resulting ex-

pression for x(t) is

2 - t
(52) x(t) = EE2. [b, cos (wt - 49°) +3.5 e &me

)
% sin (wbt -52°) .

A plot of the two terms is shown in Fig. 9.

An.examination of Flgs. 7 and 9 show that if phase measurements
are made when the time functions are zerov, the phase shift ap-
proaches its maximum velue in whati appesrs to be an exponential
manner, described by the equation .

{53) ¢ = 1-€ S0
where § is the phase shift and ﬁab is the time constant.

To verify the results of the analysls of the system for a sudden
mags decregse, an electrical analogue was constructed and a repid
change in inductance was used to simulate the mass change:

Given the following electrical system {Fig. 10),

\/\/\/mm ¥
o eo(t)

| Y

Fig. 10. Anslogue System.
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the lLaplace equation for the output voltage, eo(t), is

E(s)
{54) e (s} = : where +L.=1L .
o aa IC + 8RC + 1 Ll e

The Laplace eguation for the displacement of the mass in a masg-
spring-damping system is
F(s)
X

{55) x(s) = \
52 % + %E + 1

Therefore the output vo}tage of the electrical circult 1s analogous
to the displacement of the mechanical circuit if we consider the
inductance snalogous Lo the ;aaa,‘thé reciprocal of capacitance
analogous teo the spring constant, and resistance analogous to the
éamping constant. The values of inductance and capacitance were
chogen Lo produce a resonance in the nelghborhood of 10 cps because
the recording equipment was sulted to that‘frequency. ‘Damping of
sbout .1 to .15 percent critical was required to simulate the me-

chanical system. With components that were available, the following

system {Fig., 11) was constructed, ‘
ysten (Fig. 11) ves co 7 Belteh
» 8.5 henries T g

R, = 120 ohms Ly By L, )

| i |
L, = b henries AT — A
X = 30 ohms : Pilter || Filter z
¢ = 32 microfarads | choke 1| choke |

|
Low- Icw~output , Dual~channel
frequency | lmpedance ~.brush pen -
ogcillator . anplifier recorder

~ ¢

..(i

Pig. 11. 8ystem to Record OQutput of Electric
Analogue for Btep Change of Inductance.
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The undamped resonant frequency with both inductors in the

clreult is

(56) £ oa e = - =8oeps .
2 5 Jic 6.08 J(12.5)(52)(10°6)

The undamped resonant frequency with the 8.5-henry inductor

alone 1is

(573 £ = x = 10 cps .

6.28 \|(8:5) (32) (10°)

The damping ratlo £ with 12.5-henry inductance and 150 §)

resigtance is given by
2 &
(58) RC = =2

é)

g Ba (150)(32%(10‘ (50) _ 15

(59)

The damping ratio € with 8.5-henry inductance and 120 y:

resistance is

(60) ¢ - (120)(32%(10‘6)(61) - 10

The oscillator frequency was adjusted éo that the output voltage
ch(t) lagged (t) by 90° when both L, and L, were in the circult.
Ll vag then removed and put back into the circuit many times at
random, and the input and output voltages were recorded. Each time
Ll was sdded or subtracted, the phase shifted in the exponential
manner indicated by the analysis and with a time constant that

agreed wvith the value E»%;-.
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]

REQUIRED SYSTEM RESPONSE

An ovexshoot in the response of the control system will indicate
vhen & step mass change occurs. But it is alsc desired to have the
error settle to the steady-state value as quickly as poassible, A
nominal overshoot of 10 percent is generally chosen for a system in
order to have a low settling time for a step input.

It is therefore desired that the control system have & similar
overshoot when the exponential transient produced by & step mass
change occurs.,

UNWANTED SIGNAL DISCRIMINATION

There are geveral sources of aignals that are likely to be
produced by the rocket motor snd spring-masss system.

As previously described, the resonant frequency of the test
stand in tﬁe thrust direction is between 20 and 25 cps. Any forces
at these freépencies that couple into the vertical system produce
motion that hag an amplitude of at least 10 db below the natural'
frequency motion for the same value of force amplitude. It is as-
suﬁed that coupling from the horizontal to the vertlcal will be
small, and thﬁt therefore the effects of these high frequencies can
be neglected. If this assumption is not valid, then higher fre-
quencies could not be rneglected because the signals to the control
system sre to be sampled, and alissing error could arise even‘;hough'
the conirol system has & low, high-frequency cut-off,

However, unwanted low-frequency signals must be attenuated,

These signals srise from the fact that the motor thrust %e not

28
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exactly perpendicular tc the vertical, and that in fact the thrust
axis is likely to wander in small angles about the assumed axis.
Also, the motor wlth which we are concerned in this paper has thrust
deflectors {jetavators} that produce a 10,000-1b side thrust. The
cycling raté of the deflector can be as high as 1 cps.

From the equation @ = 1.011 », for a nmass measurement of 0.5
percent accuracy, the frequency must be determined to within L per-

cent,.

The period, T, of a sine wave 18

2

(61) T = .

and

(62) aT = = 22" dw
w

For small differences the equation becomes
, ~ 21
(63) L
w
For fw = .01 », and o = 102 rad/sec, AT becomes

(6l4) AT = :-_‘?-il‘_o-é.ﬁ-l-) = 630 psec .

Consider the system when the resonant frequency is 102 rad/sec.

The force supplied by the eccentric mass is then

(65) £{t) = mra® sin ab = _(.187)(102)2 sin 102t = 1950 sin 102t .
Let the voltage amplitude, E, derived from the tranasducer de-

tecting the amplitude of the motor's vertical motion, be one volt,
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Now consider the force, fT(t) = 10,000 sin 6.28t, acting on
the ssme system. From the frequency-response curves of a& second-
order system it is seen that the response at 1 cps is approximately
13 db below that st resonance if the damping ratio ig 0.1L. .There- '
fore the voltage smplitude derived from the transducer with this

force applied would be

o

.224 x 10,000
{66} Ey = 1950’ = 1.15 volts

where .224 =-13% db,

The slope of the 102 rad/sec voltage at the positive zero

crossover is

. dar¥ volte
(67) aft=o=lozm \

Considering this crossover point, &AE = 102 At,
To keep the perlod sccuracy to within 630 usec, the zero

croesover points of the 16-cps eignal must be held to half the 630

usec,

Then

6
{68) AR = 102 Q%E volts = (102)(230)10 volts = .032 volts .

Therefore, the l-cps signal must be reduced by the ratio iggg =

.028 or by -31 db. The input to the control system will have to be

filtered in some manner to accomplish this frequency rejection.

30
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CONTROL SYSTEM
POSITION SERVOMECHANISM
Conslder the system whereby do is the output of a linear posi-
tlon servomechanism driving the unbalanced rotor, Also, consider
the sinusoidal function of the suspended system as emanating from a

rotation that has a position @ Under stesdy-state conditions the

in®
frequencies of rotatlion of the two systems are the same. Therefore,

the phase difference between sin 90 and sin 8, can be considered as

in
a position error, Qo - Qin'
SAMPLED DATA SYSTEM

Since the smplitude of the vibrating system is not constant,
the phase of the two sinusoidal functions can at best be compared
every time the sine waves cross zero, or twice every cycle. Com-
paring the phase twice each cycle of oscillation is equivalent to
sampling the position error. The sampled-data position servo-

mechanism ig shown in Flg. 12.

/ 0
n. . o— G
? Sampler S
90

Fig. 12. Sampled-Data Position Servomechanism.

An armature~controlled dc motor i8 chosen to drive the eccentric

3

mags; the transfer function of the motor” i1s given by

31
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K

(69) G(B)m “8las + 1) °

The amplifier to drive the S-hp dc motor and inertial load is a
60-cps magnetic amplifier having a time constant comparsble to that

of the motor; the amplifier transfer function is given by

{70) G(B)a = e+ 1T °
SECOND-ORDER SYSTEM

A plot of the natural frequency of the system ag a function of
the mess ig shown in Fig. 13. If it is assumed that the mass change
is a direct function of time, then.for a8 small increment of itime,
w{t) = kt, and by integration, ©(t) = E%E . Therefore, for & non-
increasing position error for the indicated input, a double inte-
gration is required in the forward loop of the control system. The

gysten with the added 1ntegraior,'magnetic amplifier, and dc¢ motor

is shown below in Fig. 1h4.

ol —~

' g K K
2 [
% o o
Bin ® : s+b s {s+a) 8,

Fig. 14. Uncompensated Control System.
The above system 18 a second-order servomechanism, and without
compensation it is inherently unctable. Since an operationsl ampli-
fier will be used to provide one of the integrations in the system,

it 18 a simple matter to get a transfer functionl+ of the form

33
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Ky (bs + 1)(cs + 1)

2]

(71) G{s), =

and thereby cancel one of the poles of the amplifier-motor itransfer

function., The system to be analyzed is shown below in Fig. 15.

e
'3
N

~

K3(bs+!)(cs+l)_~‘ K, l| i K, lk G
T s T !_ bs+| i_] s(us+l)-,- T

i
As
e el N
&
&
J
«n

U —

Mg, 15, Coupasneated Control. Systew.
The value of G(s)mG(s)a, as given by the manufacturer of th.

H-hp motor amd driving anplifier, is

) = k
(1) a(s) G(s), = e 098 « LJ(1s + 1)

Tne mechaclzation of equation (71) is shown on the right edge

ol #lg. 1L7. The wvalues selected produce the transfer functicn

-10(.16 + 1)(s + 1)

G(G)l Ed 3 N

—~
g )
W
St

These valueg were selected so that the pole at 8§ = 10 of G(s)a

would be cancelled.



NAVWEPS REPORT 7741

FILTERS FOR LOW-FREQUENCY SIGNALS

It is necessary to filter the input to the control system in
order to provide 31 db rejection at one cps. But any filter will
caugse phase shift in the 10-16 cps carrier, and the 90D phage re-
lationshlp between the forcing function of the eccentric mass and
the motion of the rocket motor will not be maintained. It is there-
fore necessgary to provide the same phage in the signal ohtained from
the eccentric mass output. If ldentical filters are used te filter
the input signal and provide phase shift in the signal from the .ec-
centric output, the 90o phase relationship will be maintained.

A double resistance-capacitance high-pass filter was selected
for this purpose because it is easy to select components so as to
make both filters nearly identicsl.

The cross-over frequency of the filters was chosen to be 8 cps.
This provides an attenuation of approximately 42 db for l-cps

signals.
SAMPLING SYSTEM AND DETECTION OF PHASE BETWEEN Qin AND Go

Mounted on the sghaft that drives the eccentric mass are two
sinusoidal potentiometers. One of these is'mounted so as to produce
s Bine wave whose phage corresponds to the phase of the forcing funce
tion. The other one is mounted so as to produce a sine wave that
lags the forcing function by 900.

A linesxr potentiometer is mounted so as to detect the veritleal

disﬁl&cement of the rocket motor.
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The outputs of these potentiometers are sinusoldal voltages.
These electrical signals are fed to squaring cilrcuits; that is, the
sine waves sre amplified and the top and bottom of the wave is
clipped off. The leading and trailing edges of the square waves
correspond to the zero voltage value of the sine waves. Thé square
waveforme are shown in Fig. 16.

The solid square Qave of Fig. 16c has a phase shift of less
than 900, and indicates that the system is being oscillated below
ite natural frequency and that therefore the driving function fre-
quency must be increased.
| The daghed square wave of Fig. 16c has a phase shift greater
than 900, and indicates that the system 1ls oscillating st a fre-
quency above its natural frequency and that therefore the driving
frequency must be reduced. '

To obtain the proper control signal every time the sinusoidal
motion of the rocket motor crosgses the zero position, the following
" logic is employed:

The signal to increase the speed of the control motor 1s given

by
{Th) B, =8bc+abe .
The signal to decrease the speed of the control motor is given
by
(75) 8o =@ bC+abdec .
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j®

§O

I
I |
|

—t

) U

Fig. 16. Waveforms Derived from Potentiometers. Fig. a
in Phase with Forr'ing Function; Fig. b is Lagging Forcing
Function by 90 3 Fig. ¢ 18 Derived from Motion of Rocket
Motor,
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In Fig. 16, 8, b, and ¢ are the waveforms. The equation above
o

thus means that the signal to decrease the speed of the motor occurs
when & and b and not ¢ are present, or when not & and not b and ¢
are present.

The mechanizetion of the logic, and operational amplifler, is
ghown in Fig. 17,
SAMPLER CONVERSION GAIN

At 10 cps (62.8 rad/sec) one radian corresponds to 6%?8 second.
The pulses out of the detection circuit have amplitudes of 25 volts.
Therefore, a l-radlan error would produce a 6%?8 volt—sécond pulse.

If a constant error of one radian exists, and if this error is
operated on by one unit impﬁlse function, a pulse is produced whose
ares 1s one radian-gecond. Since the swmpling circult produces a
pulse vhose area 1g 6%?3 volt-seconds for a l-radian error, the

conversion gain is

29
Z58 volt ~seconds . volts

(76) Kc * 1 radlen-second ' radian
(62.8)

At 16 cps (102 rad/sec) a l-radian error produces pulses whose

s

areas are %65 volt-seconds. Therefore the conversion gain is

(17) K = .2hs

]
(102)
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CONTROL SYBTEM ANALYSIS
ANALYSIS AT 10 CPS AND AT 16 CPS

The system described does not have parameters that are constaent
in time. As was seen in the previous section, the gain of the
system at 10 cps is 1.6 times as great as the gain at 16 cps. Also,
the error is sampled and the characterigtics of the sampled systenm
are dependent upon the sampling frequency. The sampliing rate of
this gystem changes from 20 samples per sec at the beginning of
motor burning to 32 samples per sec at the end of burning.

Therefore the system wlll be analyzed at the two extremes to
determine its performance. It is to be observed that the changes in
the gain and the sampling frequency occur very slowly, compared to
the time constants of the system.

2 ~TRANSFORM”
To enalyze the sampled-dats control system, the z-transform

will be used.. The z-transform 18 defined as

(78) z =€ .
The z-transform describes the behavior of a signal at the

sampling instant. Consider the system in Fig. 18.

8, K (stg) 8
el M |

s? (s+3)

Fig. 18. Sampled-Dats S8ystem to be Analyzed.
Lo
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The z-transform of the open-loop transfer function can be fourd
by expanding the function into a partisl fractilon expansion, and
then by means of a table of transform pairs, substituting the z-
transform for the s-transform of each of the terms of the expansion.

The expansion of the open loop transfer function of Fig. 18 is

1 1 1l 1 1l 1
K (s+ ) = =.z &.1
c 2|ac a e e a
(19 o(e) = p——yS = ka® (3 80 0 B}
8 (s + = 8 8 + =
a
The z-transform is then5
X, (}. - _l_)z (.l. 2 L),
(80) G(z) - KBE ac a ¢ c a

(Zwlﬁ*'(z~n *@*ewﬁ

where T is the period between samples.
When T = .03 second-—that is when the sampling rate is 20

samples per sec-—and given é = il, G(z) 1s then given by

ke[2(:2 + b.62) + (22 - b.62)

(81) 6(2) (50) = 121 (2 - 1)% (z - .58)

. It can be geen that, for i; = 1, the zero comes very close to
the pole at +1. This is analogous to placing a zero very close to
the origix'l in the s-plane when the‘ effects of a pole at the origin
is to be offset.

The z-transform when%‘— = 1 is then

(8)  6(a) ) = BTz - 96)

121 (z - 1)2 (z ~ .58)
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When T = .03 second-~that is, when the sampling rate i1s 32

samples per second—and given % = 11 and % = 1, the z-transform is
then

KZ .l.'\'Z - » )-#‘
(83)  6lz) (5 = (3 2)z - .974)

121 {z - 1) {2z - .72)

ROOT LOCUS ANALYSIS IN THE z-PLANE

The imaginary axis of the s-plane maps into the unit circle in
the z-plane. The area to the left of the imaginary axis in the g-
plene mape into the aresa internal to the unit circle in the z-plane.
Therefore; for absoiute stability, all the poles of the z~-transform
must lie within the unit circle.

The constant damping lines, £ = cos @, of the s-plane map into
heart -shaped curves in the z-plane. The derivation of the equation
for the constant damping curves in the z-plane 1s shown in Appendix
B.

It is then possible to plot the root locus in the z-plane and
thereby determine the gain of the system to produce a characteristic
transient response.,

Root-lecus plots of the open-loop z-transforms given in Equa-
tions 82 and 8% are shown in Figs. 19 and 20; the unit circle and
the constant damping ratio plots for £ = 0.2 and € = 0.4 are

also shown.
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GAIN DETERMINATION

To choosz the maximum gein for the system to be consistent with
good. stability, the cholce should be made for the case where the
system oscillates at 20 cps. The gain of the system 1s largest at
that time, and because the system 1s being sampled st the lowest
rate, it would have the greatest tendency for instability.

The ppednlnop transfer function of the system before burning is

given by Equation 82, The gain at any point of the root locus can

he found by6

o 101 (z - 1)%(z - .58)
(84) X = ey = TS 2z - .956)

The values for the terms in the preceding equation are taken

from the graph of the root-locus plot and evaluated for several

'points along the locus. These are shown on the root-locus plot.

Recall that it was required to have an overshoot in the system
response to a step mass change, and that the error should settle to
thg steady-state value as quickly as possible.

A damping ratio of 0.5 is the value generally chosen to meet
the sbove requirements when the input to a system is & step function.
However, as was shown, & step mass change does not produce a step
phase change, but rgther sn exponentially rising function. There-
fore, a demping ratio lower than 0.5 is chosen. For the system
vefore burning, & value of & = .25 was selected, and as will be
shown was & satisfactory cholce.

The gain for the system with £ = .25 is found by determining

b5
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the gain at the polnt whare the root locus intersects the constant

€ = .25 curve, and is

o
121 (z ~1)°(z - .58} 121 (.88
(85) Ko = g T g s T

)2(.67) -
YUy T e0e

The gain of the system when it is oscillating at 16 cps is

(86) K= 202 12.6 .

STEADY-STATE ERROR
The steady-state error at the instants of sampling, as glven by

Jury7 ig

. 7
(87) ess(nT) = lim A C

Z¥1
where R(z) is the z-transform of the input signal to the sy;tém, and
G{z) is the open-loop transfer function.
From Flg. 13 it is seen that the rate of change of frequency at
the beginning of motor burning is .35 rad/seca, and at the end of
motor burning is 1.0 rad/sece.

' The input to the system is then given by

2
(88) o(t) = Eg-

2
iééﬁ—-for the beginning-of-burning case, and is

+2 2
o{t) = =~ for the end-of-burning case. The z-transform for E%—

which is 0(t) =

given by Truxel sz ELE—iFl— s where T is the sampling period.
(z - 1) 3

The steady-state error for the beginning-of -burning case

(system oscillating at 10 cps) is then

hé
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(89) e, (nT)lo = 1im 222X ¢, 35)__ (.05)2 zgz + % )
23 Z . l) |
X ]= 0L radian
. 4 120.2)z [5.75)(z - .956) .

121 2
(z - 1)z - 58)
= 5T degrees.,
' The steady-state error for the end-of-burning case (system

oscillating at 16 cps) is then

Z 2 z2(z + 1
(90) e, .(nT) ¢ = iilf % (.051) —§~—1~—3—
: 1 }: 026 radian
12.6 (3.13)z (z - .974)1 " °
L+ =7 5
(z - 1%z - .72) J
= 1.5 degrees.

If a damping ratio of 0.2 (twice that estimated for the end-of-
burning case) is used in Equation (6), it is seen that a steady-state
error of 1.50 18 adequate for the required system accuracy.

RESPONSE TC A SUDDEN MASS CHANGE
.Given the open-loop z-transfer function of the control system

for the before-burning case

(o1) o(z) = 200475 z)(z -_.956)
121 (z - 1)%(z - .58)

the error function is given by

_ R
(92) E(z) = 1 fé%z; L B0(E 75( zl)“(z = 556)

121 (z ~ 1) (z - .58) .

b7
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“

o Wwhere R{z) 18 the transform of the input. For a step input R(z) =

. Z
« 2 -1
N T™en
3 2
-1.58 25 + .58 2
(93) B(2) o = 5 '
step .3 .80 22 4 1.4 z - .58

If E(z) is expanded in & power series, the coefficients of z O

are the value of C(nT}, the time serles. '

The power expansion of E(z) for the step input is

. . , : A7 .22, .
(o4) E(z) =1 + 22 25 - go - _i6 + %7 + '%"* —%Z - ,§§

Z
2 Z Z Z Z Z Z

AL .05, .02 .05 .05 0L .03 .02
g " o7 ArT 12T 357 IR T 357 16

Z

But the input to the control system for a sudden change cof mass is

an exponential function of the form

(95) v(t) =1 - e™"

1 1 :
(96) vis) = ey and

~-aT\ -
.e"8

It e ol ezl ).

Z ~ 1 z__ea.T z -~ 1 z_e-a.'l‘

The time constant, é , wag shown to be equal to E%B . When

o = 62,8 réd/sec, €2 .15 and é = 75 1 =T » OF approximately 0.1
gecond.
Then

L8
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. ,_I Z \ '39 )
(98) v(2) = e e
The error function w}th an exponentisl input is, therefore, the

error function of the step input multiplied by E”iéggf) » The

power expansion is

39 .32 .03 .18 .17 .0k . .07 ., .07 , .OL
(99) E(z)p,, = 2%+ 5+ 5= -4 - & -

z Z A z 2 2 z 2

.05 .03 _.0OL

- +
ZlO zll Zlé

The error functions for the end-of-burning case are found in a

like wmanner. The power expansion for the step input 1s given below.

3 . 2
(.J.OO) E(Z) 27 - 172 27 4+ .72 2

step 3 o0 2f + 2,12 2 - .72

68 . .23 .17 .1 b5 .33 L1h Lob
R R T T S S RN

Z Z Z Z Z Z

= L &

A6 .20 L17 .11 W0F . .02 O
g * 10 + il + 12 + 157 T i5 * 1%

A
Z

v03 u06 0(38 w08 -% 003
+ + + + +
zl? ZlB Z19 ZEO z21 Z22

+ L A 3

FPor the end-of ~burning cage 5375 is spproximstely 0.1 second,
and time between samplesg 1s %5 second-that ig, T = .03l second.
Therefore, the step error function is muliiplied by’&ffg%7§) to
produce the exponential response. The exponential power expansion

is

e
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27 0 .38 .3 .21 .04 .09 .16 .15
(101) E(z) = + + + - - 222
Exp. 2 z2 25 zl‘L z5 2 z7 %
A0 .03 0 .o .07 . .08 . .07 . .05 .03
- - + + + + + ==+
Z9 ZlQ 2 11 Z12 13 Zlh Zl§ z16
.02 .02 .03 .05 .05 .05

+ + P + + + o,
Zl? le Zl9 z20 é@l ZE?

From the power expansions of the error funcitlons the output can

he plottéd, The output is found by subtracting the error from the

input. 7The transient response curves for the four cases gilven are

shown 1in ¥ig. 21.

From Fig. 20 it is seen that the overshoot for the exponential

inputs is sbout 10 percent above the final value.

damping ratic appears to be a good one.

FREQUENCY RESPONSE

The cholce of

A knowledge of the frequency response of the system is desir-

able in-order that the effects of unwanted frequency inputs to the

system can be determined.

The value of G{z) for various angular frequencies can be found

from the z-plane in the following manner:

(102)

Locate %

2 .= QBT = QJM

corresponding to a frequency, w, on the unit clrcle,

G{jwT) can then be determined graphically. The factors in the

numerstor of G{Jjal') are the vectors from the zero to the value

Z:‘Z‘juﬂ‘

poles to the value z =

; the factors in the denominatcr are the vectors from the

gdoT
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- RESFONSE RESPONSE TO STEP

- CHANGE - BEFORE

\INPUT BURNING

o1 0.2 0.3 04  SEC

CHANGE - END OF

/ \ \\\\_'////// BURNING

///‘\\\\<T/RESP0NSE ' RESPONSE TO STEP

0.1 0.2 0.3 - 04 SEC

RESPONSE
INPUT RESPONSE. TO

§;/7/£j/4::::2>~<::::;:::7‘=::::\\ EXPONENTIAL FUNCTION-

BEFORE BURNING

| .
v/

X ’ 0.2 0.3 04  SEC
,RESPONSE
NPUT / 1 RESPONSE TO
\ e el B EXPONENTIAL FUNCTION-

>>7é/’ _ END OF BURNING

or oz 03 04 sEC

Fig. 21. Transient Response of Control Systém.
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The ratic of the output teo the imput is given by

%
o az)
(203) 5. " T+6(z

The expression 1 + 0{z) can be determined by adding one to the

]
vector G{z). §9m ie then found by the divislon of vector quantities.
in

The frequency response found in this wannexr for the beginning-
of -burning case and fqr the end-of ~-burning case is shown in Fig. 22,

An exsmination of the frequency response shows that the gain in
both cases at 1 cps ls very slightly greater than unity, and there-
fore the double rc filter with an attenuation of 42 db is more than
adequate in providing the 3L db atienuation required for the speci-
fled system accuracy.,

It should mlso be pointed out that if an unwanted signal of
3 cps i present, the rc filter provides only 23 db attenuation,
while the system has a gain of 7 db {2.25 voltage gain) %o give a
net attenuation of only 16 db.
REACTION TORQUE

The shaker system vibrating in a vertical direction exert: a

resction torque on the eccentric msss of the shaker motor.

="

!
1~ Ol

r coswt {

Given the system below (Fig. 23),

x {t)

ST

¥ig. 25. Rotating Bystem with the Center of Rotation
Moving Sinusoidally in the Vertical Direction.

23
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the vertical oseillation when the system is vibrating at the natural

frequency is given by Equation {7),

mr (1)2
(

x(t) = 5E K sin

The force on the mass is

(104) £(t) = mx

The reactlon torque is then

2 4
(105) Ty = f{t) r cos at = £g£%~ﬁgl-sin (wt - %) cos wt

_ \mr 2 a)u 1+ cos 2 at
T 2% K 2 ’

1

3

In a manner similar to that shown in Brown and Campbell,” the

transfer function of the dc motor will be derived with the reaction
torque TR'as part of the load. The schematic of the motor and load
is shown in Fig. 24.

R = )
f el . R, = armature resistance
e(t) - eb(?) R ) TR = reaction torque load
! Ia(t) PR \\ﬁ, o(t) J = armature and load
Y moment of inertia

ep(t) = Ky w(t) o(t)

eb = counter emf

output shaft position

i

Fig. 24, Schematic Diagram of de Motor and Load.
From the equivalent circuit and the equalities given, we may
write the féllowing equations:

(106) E(s) = R, Ia(s) + Eb(a)

(107) | E(8) = K, 5 0(s)

54
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{108) {8} = X, Ia(s) , .
(109) Ts) = Js> O(s) + T.(s) .

By substitution, the following equation is found:

R R J
{110} E(s) - K-:- Te(s) = K o(s) s *Ki"@ s.+ 1l .

The above equatlion shows that the reaction torque can be con-
sldered as an input voltage subtracted from the normal input to the

motor as indicated below (Fig. 25);

| % R (s)
B(s) +~.® 3'(3%:*33 %)

Fig; 25. Equivalent System of dc Motor with
Reaction Torque. }

The complete control system is shown in Fig. 26,

g )
o, (s) € (s} Jﬁ‘(iﬁ) K2K3(c g+ 1) +—& : Kl 8,.(s)
e ) jg{as+l)

Fig. 26. Control System with Reactive Torque Input.

For © n(a) = 0, the z-transform of the output for the gystem in
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RGQ(Z)
{111) a,{z} = - AN
where ( )
X 1
(112) 6,(s) = 25 A
!
(113) G,(s) = RS
and
R&
(124} R(s) = ﬁ; TR(S) »
R R (mr)2 uﬁ
(115) R(t)aiﬂ(thgggx 1icos 2t
Let
R, (mr)2 w
(116) e = B
HRE‘KTE—K_—
Then 8
. L 2 Kl
(127} RGE(B) = B(%' * 1y B%W) 8 (a8 +1)

and the time funciion as.given by Nixon2 is

b t

g . P L

(118) RGe(t) = Bxl aea..f. ..g'. -1 4+ -5-2 a L}aw 5 e 8
o R L™ L+ a" 4o

, wein(2at - W}
(0 + 22 k)2 |

The steady state value isg
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¢ - RG _ 2 wsin (2wt - ¥)
(119)  Rey{t) = R () Bl&{t Y E K 1/2}

e h sin (2wt - V) ]
Kl{ i 20 {1 + Aagw?)l/z

where

¥ o= tan'l 2aw .

Sin {2wt - ¥) can be written as

280

sin 2wt « e cog 20t .
”h 2 2
a o + 1

{120} sin (2wt - ¥)

N 1
Vhag o + 1

Then
' in 2at a cos th]
(121} RG,(t) =B {t PRl 2y - 2B SO0
RN es Ki (3 ¥ ha w) (1 + hagmg)j
and the z-transform from Jury7 is
(122) .RGQ(Z)SS - BKir T 2 S z sin 2wt s 20
i(z ~ 1) (z° -~ 22 cos 20T+1){1 + La“w

az (z - cos 2ut)
5 p 573
(2 - 2z cos 20M+1) {1 + 4a“w")

~

But
5z 1l
(1.23) T=xz=k
Therefore,
: T 2 az {z - 1)
(124) . RG,(z), =B [ -
2o = PR (z ~ 1) (2% = 22 + 1)(1 + ba"a®)
- BKl{ Lz 52 - }
3 .
(Z . l):.. ( J..)(l-{r & (.D)E
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It is to be noticed that in sampling a sine function at the

frequency of the function, the result appears as & dc value. The

function - f T is the transform of s step function.

For the before-burning case | .
(125) G,0p(z) = G(z) = 22 (5.75)(2 - .950)
. 121 {z - 1)%(z - .58)

. RGQ(z) '

(126) QO(Z) = i——;—m . o

The ‘steady-state error of @O(Z) from the finai value théorem is

z - 1 RG2(z)

(r27) o {z}) = lim
RS A A e )
[ 72 87
B -
- i 2oL Kli(z - 1)2 {z - 1)(L + haaw?)
oal 2 14 Kz (R.75)(22-.,956)
121 {z - 1)7(z - .58)
= O -
The after-burning case, having a transfer function of the same .

Torm ss the before-burning case, produces the same results.
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CONCLUSION

The system analysis indicates that the objectives of the system
can be met with the design described. The control system’s steady-
state error was dgterminﬁ@ t0 be ,5?0 for the beginning-of -burning
case and 1.5° for the end -of ~sburning case; 1t was shown that 1f the
damping of the system were twice that which was estimated, these
steady-state arror values would produce @& mass error of less than
»D percent.

For e sudden change in mass the system responds with an over-
shoot of approximately 10 percent, providing an indication of the
change, and accomplishing the change so that the new steady-state
value is approached in s short period of .time.

Tpe frequency response of the system, in conjunction-with
filters in the feedback loop and in the input to the control system,
proviées adequate discrimination against unwanted low frequencies,
which smplitude-modulate the 10-16 cpe carrier. Assumptions are
made that other frequencies not generated by the shaker will not
havé amplitudes esignificant enocugh to affect the accuracy and.
operation of the system. These_assumptions should be verified ex-
perimentally: 4if they should prove to be wrong, steps would be
required. to eliminate or discriminate against these frequencies.

The usefulness of the mase determining system 1s contingent upon the
smplitudes of these frequencies being insignificant. :

The effect of the vertical oscillation feeding back into the

control system via the eccentric load on the dc motor was shown to
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be zeroc, and therefore it would offer no problem to the systen.

The analytic study demonstrates the feasibiliiy of measuring
the mass of a burning rocket motor by determining the natural fre-
quency of a spring-mass sygtem.

An experimental system 18 beling constructed at the U. S. Naval
Ordnance Test Station. As soon as this laboratory system is
completed, experiments &ill be conducted to verify the results

~obtained in this paper. The proof of the scheme, however, can
Qcome only when it is epplied to a test stand containing a burning

rocket motor.

&0
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APPENDIX A

*

Derivation of the Laplace transform of a function that is zero
before time zero, and ig & sine function delayed by a time "a" for
all time greater than zero.

The function *described in the title 1s written as
{128} £{t) = sin oft + 8) u{t) ,

and 1s pictured as

£(1)

£(t) = mr > sin [w(’c + a)]p(t)

o

: Fig. 27. ' Sine Wsve Advanced in Time by "a" Second
and. Starting at Zero Time.

From Aseltinel then we have the ildentity

co

r ’ { . '
{129) )fipin w{t+a) u(t)}: %8 ginwt u{t-a) e % gt
) o)

Therefore,

6.9
(130) F(s} = ea'sj sin wt u{t-a) 28t 44
[e]
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rm

sin ot p(t-a) e~ an .
a

Writing sin wt in the exponential form, we have

w
&as |
{ - hd t
(131) F(s) = g-rj iei“’t -e 1"°°°) e at .
Integrating gives
: fo's)
eas eia)t - st e-iwt - st
(132) F(s) = 21 ‘: io - 8 o -8
r - - -
_eas -eima sa&eiw@a 58
T 24 i - s i -8 '

Multiply the numeretor and denominator of both terms by the con-
Jugates of the denominators %o give

~8&8 .88

roo S n i
(133) ¥(s) = e e |iwel‘“a b lpe B, ol | o L‘E]
2 2\t
. 2i{w” + s7)

Putting the exponential terms inio the trigonometric form gives

2

(134%) F(s) = —«——Jl—-wé- [a) cos aa + 8 sin ma} .
: o 4+ 8

ractoring o cos wa gives

(135) Fls) = W Ccos wa{s tan wa + l) ‘
2 2 .
o + 8

62



NAVWEPS REPORT 7742,

APPENDIX B

Mapping the Damping Ratio, &, into the z-Plane.

The z-transform is defined as

(136) z =" .
Let

(137) z = retV
and .

(138) 5 = rei@ .

Putting Equation (136) into the logarithmic form gives

{139) log R + iy = Treig .

Putting the term on the left side of Equation (4) into the polar
form gives .

1 tan™t Y
(140) ‘\/log2 R+ € - log R _ pgt® |
Therefore ‘
(141) - ' ‘tan @ = log B
No&
(142) ) £ ='~ cos 9 .
Therefore .
(143) tan @ = -t R .
Substituting - " 52 for tan @ in Equation (141) gives
(144) log R = . ¥ .
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Taking the anti-log gives

o e oo 'q'j’
L)

PRI

2
(145) R =¢ 1-8

Equation (145) defines a curve in the z-plane for fixed values of &.

6kt
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